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Abstract. We study the dynamics of an initially thermalized spin chain in the
quantum XY-model, after sudden coupling to a heat bath of lower temperature at
one end of the chain. In the semi-classical limit we see an exponential decay of the
system-bath heatflux by exact solution of the reduced dynamics. In the full quantum
description however, we numerically find the heatflux to reach intermediate plateaus
where it is approximately constant – a phenomenon that we attribute to the finite
speed of heat transport via spin waves.
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1. Introduction
If a hot rod is brought in contact with a cold reservoir at one of its ends we expect
to see a continuous flow of heat through the boundary until thermal equilibrium is
reached. According to our everyday experience, this flux should be proportional to
the temperature gradient, implying that it decays exponentially. Not so in the quantum
world, where the diffusive character of heat transport, described by Fourier’s law, breaks
down. On scales up to the free path of phonons, heat transfer is expected to be non-
diffusive. Instead, one observes ballistic transport [1], dominated by a macroscopic drift
motion of the phonons, and wave-like [2, 3] phenomena, also referred to as “second
sound”, since they show various sound-like features, including a finite propagation
velocity, interference phenomena, and reflection at the boundaries of the system [4].
In the past, these effects were only found at extremely low temperatures in superfluid
Helium [5] and some crystals [6, 7], but recent developements [8, 9] show that nanoscale
materials open the way to their observation at high temperatures. Meanwhile, the
theory of non-diffusive transport is usually based on consideration of steady state
hydrodynamics [10, 11] or constant temperature quantum statistics [12], leaving
unanswered the question to what extent ballistic and wave-like phenomena influence
relaxation and thermalization. To study such processes, one has to resort to master
equation descriptions, derived in the context of open quantum systems which is, in
general, a challenging task. For example, it has been shown [13] that for phonon baths
a semi-classical Markovian description of the problem is not sufficient. Instead one has
to take the explicit evolution of quantum phases into account and resort to either coarse-
graining methods [14] or compensate for a short timespan of non Markovian dynamics
[15, 16]. Many questions are still open. Does non-diffusive heat transfer appear in any
type of small quantum systems? How does it interact with other features of the system,
for example quantum phase transitions? How relevant is the dimension of the system?
Is it possible to understand the crossover from the quantum to the macroscopic classical
behavior?
In this paper we investigate non-diffusive heat transport in a one-dimensional isotropic
quantum XY spin chain. This system was chosen because it is simple, well understood,
and can also be solved analytically [17, 18]. Moreover, quantum spin chains are known
to exhibit spin waves [19], which can be expected to serve as a natural carrier of heat.
Although the XY chain does not exhibit a phase transition at finite temperature, its
ground state shows a quantum, i.e., zero temperature, phase transition from superfluid
to Mott insulating behaviour if the nearest-neighbor interaction is weak enough [18]. In
addition, the impact of ballistic transport is expected to be particularly strong in 1D
systems [20]. For this reason the chosen model is an excellent candidate for the study
of non-conventional heat transport.
We start with the definition of the model and a short summary of known techniques
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and results in Section 2. Our main results are derived and presented in Section 3,
where we compare different approximation schemes. The paper ends with a discussion
in Section 4. Mathematical details are given in the appendices.
2. The Model
2.1. System Hamiltonian
We consider the isotropic XY-model for a chain of N spin-1
2
particles in an external
field, defined by the Hamiltonian
H = −j
4
N−1∑
n=1
(
σxnσ
x
n+1 + σ
y
nσ
y
n+1
)− h
2
N∑
n=1
σzn
= −j
2
∑
n6=N
(
σ+n σ
−
n+1 + σ
−
n σ
+
n+1
)− h∑
n
σ+n σ
−
n + const., (1)
where σ± = 1
2
(σx ± iσy) are the spin raising and lowering operators. Following standard
techniques [18], we perform a Jordan-Wigner and Fourier transformation to define the
anticommuting (fermionic) fields
ψn = (−σz1) · · · (−σzn−1)σ−n , ψ˜a =
√
2
N + 1
N∑
n=1
sin
pina
N + 1
ψn,
so that the Hamiltonian attains the diagonal form
H = −
N∑
a=1
ωaψ˜
†
aψ˜a + const. with ωa = h+ j cos
pia
N + 1
. (2)
2.2. Perturbative master equation
We now modify the Hamiltonian to couple the first site to an external heat bath via
H 7→ H +HB + σx1 ⊗B,
where HB is the bath Hamiltonian and B acts exclusively on the bath. Assuming a weak
coupling ‖B‖  1 as well as a factorizing initial state ρtot(0) = ρ(0) ⊗ ρB and some
technicalities [21], we can use second order perturbation theory to obtain the effective
master equation
∂
∂t
ρ(t) = −i [H, ρ]−
(∫ t
0
dτ C(τ)
[
σx1 , e
−iτHσx1 e
iτHρ(t)
]
+ h.c.
)
, (3)
where C(τ) ≡ 〈eiτHBBe−iτHBB〉
ρB
is the bath auto-correlation function.
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In order to simplify the computation of the interaction term
∫ t
0
dτ C(τ)e−iτHσx1 e
iτH , we
follow [13, 14, 22] and switch to the energy eigenbasis
|k〉 ≡ |k1 . . . kN〉 ≡ (ψ˜k11 )† · · · (ψ˜kNN )† |↓ . . . ↓〉 , Ek = −
∑
a
kaωka
with ka ∈ {0, 1}. Introducing the incomplete bath spectral function
Γt(ω) =
∫ t
0
dτ C(τ)eiωτ
and, for the sake of brevity, the notations
k(a) ≡ (k1, . . . , 1− ka, . . . , kN),
ska ≡ 2ka − 1, s(a)k ≡ (−sk1) · · · (−ska−1),
and
∑ˆ
ab
≡ 2
N + 1
∑
ab
sin
pia
N + 1
sin
pib
N + 1
,
we can rewrite the above master equation as
∂
∂t
ρ = −i [H +H−LS, ρ]− {H+LS, ρ}+ G[ρ], (4)
with the relaxation generator
G[ρ] =
∑ˆ
ab
∑
km
s
(a)
k s
(b)
m
(
Γt(skaωa) + Γ
∗
t (smbωb)
) 〈
k(a)
∣∣ρ∣∣m(b)〉 |k〉〈m| (5)
and the lamb-shift Hamiltonians
H±LS =
1
2
√±1
∑ˆ
ab
∑
k
s
(a)
k s
(b)
k
(
Γt(skaωa)± Γ∗t (skbωb)
) ∣∣k(b)〉〈k(a)∣∣ . (6)
A detailed derivation of eqns. (4) – (6) can be found in Appendix A.
2.3. Approximating the incomplete bath spectral function
To compute the reduced system dynamics, described by eq. (4), one needs information
about the heat bath, encoded in C(t). As was recently shown in [23], a bath exhibiting
quantum chaos can be effectively described by the spectrum
γ(ω) ≡ Γ∞(ω) + Γ∗∞(ω) =
∫
R
dτ eiωτC(τ) = λ2 exp
(
−1
2
(
ω
σ
− βσ
2
)2)
,
where λ ∝ ‖B‖ is the coupling strength, β ≡ βbath is the inverse bath temperature, and
σ is the inverse decay-timescale of self correlations. To calculate
Γt(ω) =
1
2pi
∫
R
dΩ γ(Ω)
∫ t
0
dτ ei(ω−Ω)τ ,
4
we use
γ(ω) = lim
n→∞
λ2
(
1 +
1
2n
(
ω
σ
− βσ
2
)2)−n
and the residue theorem around the pole ω0
σ
= βσ
2
−√2ni, obtaining
Γt(ω) = lim
n→∞
λ2
4n
n−1∑
k=0
(
2n− 2− k
n− 1
)(√
8niσ
ω − ω0
)k+1
P (k + 1,−it(ω − ω0)), (7)
where
P (k + 1, z) ≡ 1
k!
∫ z
0
dτ τ ke−τ = 1− e−z
k∑
m=0
zm
m!
is the (lower) regularized gamma function. Provided that |2ω− βσ2|/σ is not too large,
we can truncate eq. (7) at small n and still obtain reasonable results. For the rest of
this paper, we choose n = 2, as higher orders do not seem to cause notable differences.
2.4. Concatenation scheme and secular approximation
Because of the explicit time dependence of Γt, the master equation (4) is not local in
time. If however the correlation function C(t) decays reasonably fast, we can replace
Γt 7→ Γ∞ in the long time limit, yielding the Redfield equation [21]. This procedure,
called Markov approximation, is known to be invalid for short times, since, in general,
it violates complete positivity [15]. To circumvent this problem, we will therefore use
the concatenation scheme [16] of switching from Γt to Γ∞ at the transition from non-
Markovian to Markovian dynamics, i.e., when C(t) has decayed to an irrelevant value.
In order to see which features of the system are genuinely quantum, we will compare
the concatenation scheme with the so called secular approximation [13], a semi-classical
approximation with Markovian dynamics on all timescales which is known to guarantee
complete positivity [24]. To this end, note that we can transform eq. (4) into the
interaction picture, just by dropping the system Hamiltonian and introducing a phase
factor of e−i(skaωa−smbωb)t in each summand of eq. (5) and similarly in eq. (6). Now, since
all terms that oscillate at the rate ωa ± ωb of the system’s transitions should vanish in
the limit ~→ 0, we use a coarse graining approach and replace
e−i(skaωa−smbωb)t 7→
∫
R
dτ e−i(skaωa−smbωb)(t−τ)w(τ),
where w is a normalized real valued window function with Fourier transform W (ω) ≡∫
R dτ e
iωτw(τ). Back to the Schro¨dinger picture, this results in factors W (skaωa−smbωb)
and W (skaωa − skbωb) in each summand of eqns. (5) and (6), respectively. As we will
see in the next section, the secular approximation yields results that differ strongly
from those of the concatenation scheme – a phenomenon that is well-known for phonon
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baths [13] and generally expected in systems where internal and relaxation timescales
are comparable.
3. Results
3.1. Exponential relaxation in the secular approximation
To compute the dynamics of the system in the secular approximation, let us consider the
limit of strong coarse graining W (ω − ω′)→ δω,ω′ in the Markovian (Γt 7→ Γ∞) version
of eq. (4): Since the dispersion relation is non-degenerate, we find that the diagonal
elements ρkk ≡ 〈k|ρ|k〉 decouple from the other ones, yielding the rate equations
∂
∂t
ρkk =
2
N + 1
∑
a
sin2
pia
N + 1
(
γ(skaωa)ρk(a)k(a) − γ(−skaωa)ρkk
)
. (8)
We can solve them analytically by means of a normalized product ansatz
ρkk = ρ
1
k1k1
· · · ρNkNkN , ρa11 + ρa00 = 1,
yielding
ρakaka(t) = ρ
a
kaka(∞) +
(
ρakaka(0)− ρakaka(∞)
)
e−
t
τa , (9)
ρakaka(∞) ≡
γ(skaωa)
γ(ωa) + γ(−ωa) ,
τa ≡ N + 1
2(γ(ωa) + γ(−ωa)) sin2 piaN+1
,
i.e., exponential relaxation to a steady state which is thermal iff the Kubo-Martin-
Schwinger condition γ(ω) = eβωγ(−ω) holds [25, 14].
We proceed to calculate the system-bath heatflux
J(t) = − d
dt
〈H〉ρ(t) = −
∑
a
ωa
τa
(ρa11(0)− ρa11(∞))e−
t
τa , (10)
shown as dashed lines in fig. 1. We see that the heatflux decays exponentially, the
timescale being bounded by τ(N+1)/2 and τ1, i.e.,
exp
(
−2tγ(h) + γ(−h)
N + 1
)
.
∣∣∣∣ J(t)J(0)
∣∣∣∣ . exp(−2tpi2γ(h+ j) + γ(−h− j)(N + 1)3
)
.
3.2. Concatenation scheme numerics and heat transport by spin waves
In order to find out how quantum effects cause deviations from the results of the last
subsection, we will now solve the concatenation scheme master equation (4) numerically.
To this end, note that Γt, as given by eq. (7), attains an approximately constant value
for t
√
2nσ  1, with n = 2 being the order of approximation. Hence, we can safely
6
00.015
0.03
0.045
tsw0 6 12 18
−4
−3
0 8 16 24
J
t
ln J
t
Figure 1. System to bath heatflux J(t) = − ddt 〈H〉ρ(t), according to the concatenation
scheme (solid) and the secular approximation (dashed). In the former we switch to the
Markov approximation at t = tsw. The initial state is maximally mixed (βsys,0 = 0),
the chain length is N = 3, 5, 7 (from bottom to top), and other parameters are h = 1,
j = 2, σ = 2.5, βbath = 0.8, λ = 0.4. The leading exponential decay in the secular
approximation is shown in the inset.
switch from the non-Markovian generator and lamb shift Hamiltonians, as described by
eqns. (5) and (6), to their Markovian form with Γt 7→ Γ∞ at tsw = 3.5σ . In both cases, we
use an ordinary Runge-Kutta iteration of order 4 with adaptive step size. The initial
state is taken to be maximally mixed, i.e., thermal with βsys,0 = 0.
As can be seen in fig. 1 as solid lines, the resulting heatflux J increases rapidly due to
buildup of correlations with the bath until it saturates (similar results were found in
[15] for the population in a two level system). Once saturated, J remains approximately
constant for a timespan roughly proportional to the chain length N , before it decreases
to another saturated level. This process repeats itself, getting smeared out at late
times in sufficiently long chains. These observations can be made in a wide range of
parameters, regardless of the ground state structure given by the specific field strength
|h/j| Q 1. We argue that this behaviour is caused by the finite speed of heat transport
due to spin waves.
To see this, consider the local magnetization 〈σzn〉ρ(t), depicted as solid lines in fig. 2(a).
Shortly after the system is brought in contact with the bath, the first site cools down,
transferring heat into the bath and aligning itself with the external field. After it reaches
a certain threshold, it acts purely as a coupling between the bath and the rest of the
chain and the same process is repeated between the first and the second site – the result
being a superposition of spin waves travelling through the chain, which are reflected at
the end. As soon as the wave-packet returns to the bath however, the magnetization
of the first site will surpass its previous value, causing the heatflux to drop, and reflect
again. Again, this phenomenon gets smeared out by dispersion at late times and does
not exist in the secular approximation (dashed lines in fig. 2(a)).
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Figure 2. (a) Local magnetization 〈σzn〉ρ(t), according to the concatenation scheme
(solid) and secular approximation (dashed) at sites n = 1, 3, 5. The chain length is
N = 5, the initial state and other parameters are the same as in fig. 1. (b) Time
dependent response ∆zρ(n, t) of the local magnetization to a spin flip at site 1, given
by eq. (12) with N = 5, initial state being thermal with βsys,0 = 0.8.
3.3. Unitary dynamics of a single spin flip
To better understand the propagation of the aforementioned spin waves, let us replace
the effect of the heat bath by a single spin flip at site 1 and study the resulting behaviour.
This allows us to derive an analytic expression for the dynamical expectation values
∆zk(n, t) ≡
〈
k
∣∣σx1 eitHσzne−itHσx1 ∣∣k〉− 〈k|σzn|k〉 ,
which describe the time-dependent response of the local magnetization at site n in
eigenstate |k〉. A straightforward but lengthy calculation, which can be found in
Appendix B, shows that
∆zk(n, t)
2
=
2
N + 1
∑ˆ
ab
e−it(ωa−ωb) sin
pina
N + 1
sin
pinb
N + 1
(1− ka − kb). (11)
In contrast to the preceeding subsections, we will now assume that the system’s state
initially describes a canonical ensemble
ρ =
∑
k1
eβk1ω1
1 + eβω1
· · ·
∑
kN
eβkNωN
1 + eβωN
|k〉〈k|
at a finite inverse temperature β ≡ βsys,0 > 0, since a single spin flip does not alter
a fully mixed ensemble at infinite temperature. This amounts to the replacement
(1 − ka − kb) 7→ 1−eβ(ωa+ωb)(1+eβωa )(1+eβωb ) in the above expression, causing the sum to factor
into
∆zρ(n, t)
2
=
∣∣∣∣∣ 2N + 1 ∑
a
eitωa
1 + eβωa
sin
pina
N + 1
sin
pia
N + 1
∣∣∣∣∣
2
− (β 7→ −β). (12)
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Figure 3. Normalized response of the local magnetization to a spin flip at site 1 for a
thermal initial state of high temperature βsys,0 → 0. (a) Chain of finite length N = 7,
given by the limit β → 0 in eq. (12). (b) Thermodynamic limit N →∞, described by
eq. (13).
Plots of ∆zρ(n, t) and the normalized high temperature limit limβ→0
∆zρ(n,t)
βh
can be found
in figs. 2(b) and 3(a), respectively. We clearly see that the spin waves, excited by a single
flip at site 1, travel at the same speed as the change in local magnetization, excited by
quenched cooling. Note also that, due to dispersion, the behaviour gets increasingly
chaotic at late times. This confirms our expectation that heat transport is related to
spin wave propagation.
In the thermodynamic limit N →∞, we substitute ωa ≡ h+ jx and find
∆zρ(n, t)
2
=
∣∣∣∣ 2pi
∫ 1
−1
dx
eitjx sin(n arccosx)
1 + eβ(h+jx)
∣∣∣∣2 − (β 7→ −β).
Now, for high temperatures β → 0, we approximate
2
1 + e±β(h+jx)
∼ 1∓ βh+ jx
2
to obtain
∆zρ(n, t) ∼ −2βh
(
nbn
tj
)2
(13)
with bn being the Fourier coefficients of the even function
sin
(
tj cos a− pi
4
)
=
∞∑
n=1
bn cosnx+ const.
Note that, in this limit, the nearest neighbour coupling j and the external field h only
amount to a rescaling of time and temperature, respectively. A plot of eq. (13) is shown
in fig. 3(b). As expected, the response is described by a dispersion wave crest travelling
along the chain without reflection.
9
On the other hand, in the low temperature regime β →∞, we have
2
1 + e±β(h+jx)
∼ 1∓ sgn(h+ jx),
hence
∆zρ(n, t) ∼ −
8 sgn(h)nbn
pitj
∫ pi
2
+ζ
pi
2
−ζ
da cos
(
tj cos a− pi
4
)
sin(a) sin(na) (14)
with ζ ≡ arcsin min
(
1,
∣∣∣hj ∣∣∣). Interestingly, in the Mott insulator phase ∣∣∣hj ∣∣∣ ≥ 1, this
reduces to eq. (13) with β 7→ 2|h| . We therefore expect the dynamics in this regime to
be largely temperature independent.
4. Discussion
In this paper we have studied the response of a one-dimensional isotropic quantum
XY chain at finite and infinite temperature to a sudden quenched cooling at one of
its boundaries. As expected, it turned out that heat is transported by spin waves at
a finite velocity. These spin waves exhibit sound-like features, such as reflection and
interference. However, spin waves travelling over longer distances loose their integrity,
leading eventually to a chaotic behavior which qualitatively explains the crossover to a
diffusive type of heat transport.
We find non-diffusive transport to occur at a wide range of interaction strengths,
regardless of the ground state being superfluid or Mott-insulating. This is plausible
since spin waves occur in both phases.
As a main result, the present work confirms that an accurate master equation description
of non-diffusive heat transfer requires a non-Markovian description at short times.
Although the dynamics is Markovian at later times, one still has to keep track of the
quantum-mechanical phases. To see this, we have also studied the Markovian semi-
classical limit, given by the secular approximation, where non-trivial features are lost.
Finally, our study demonstrates that quantum spin chains are suitable candidates for a
theoretical study of quantum heat transport. It would be interesting to investigate other
systems and situations, in order to access the robustness of the observed phenomena –
especially in higher dimensions, where ballistic and wave-like transport are only observed
under special conditions.
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Appendix A. Generator form of the master equation
In the energy eigenbasis, eq. (3) has the form
∂
∂t
ρ = −i [H, ρ]−
(∑
klmn
〈k|σx1 |l〉 〈n|σx1 |m〉Γt(Em − En)
[
|k〉〈l| , |n〉〈m| ρ(t)
]
+ h.c.
)
.
Renaming k ↔ m and l↔ n in the h.c.-terms, this turns into
∂
∂t
ρ = −i [H, ρ]−
∑
klmn
〈k|σx1 |l〉 〈n|σx1 |m〉
×
(
Γt(Em − En) |k〉 〈l|n〉 〈m| ρ+ Γ∗t (Ek − El)ρ |k〉 〈l|n〉 〈m|
−
(
Γt(Em − En) + Γ∗t (Ek − El)
)
|n〉〈m| ρ |k〉〈l|
)
and we can expand the sum of products in the second line into commutator and
anticommutator, yielding
∂
∂t
ρ = −i [H, ρ] +
∑
klmn
〈k|σx1 |l〉 〈n|σx1 |m〉
×
(
− 1
2
(
Γt(Em − En)− Γ∗t (Ek − El)
) [
|k〉 〈l|n〉 〈m| , ρ
]
−1
2
(
Γt(Em − En) + Γ∗t (Ek − El)
){
|k〉 〈l|n〉 〈m| , ρ
}
+
(
Γt(Em − En) + Γ∗t (Ek − El)
)
|n〉〈m| ρ |k〉〈l|
)
.
We thus arrive at eq. (4) with
G[ρ] =
∑
klmn
〈k|σx1 |l〉 〈n|σx1 |m〉
(
Γt(Em − En) + Γ∗t (Ek − El)
)
|n〉〈m| ρ |k〉〈l|
and
H±LS =
∑
klmn
〈k|σx1 |l〉 〈n|σx1 |m〉
2
√±1
(
Γt(Em − En)± Γ∗t (Ek − El)
)
|k〉 〈l|n〉 〈m| .
We can now use the anticommutation relations to calculate
〈k|σx1 |l〉 〈n|σx1 |m〉 =
〈
k
∣∣∣(ψ†1 + ψ1)∣∣∣l〉〈n∣∣∣(ψ†1 + ψ1)∣∣∣m〉
=
∑ˆ
ab
〈
k
∣∣∣(ψ˜†a + ψ˜a)∣∣∣l〉〈n∣∣∣(ψ˜†b + ψ˜b)∣∣∣m〉
=
∑ˆ
ab
s
(a)
k s
(b)
m δk(a)lδnm(b) ,
which directly leads to eqns. (5) and (6).
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Appendix B. Response to a single spin flip
Let us first consider the time evolution of the action of the spin flip operator
σx1 =
√
2
N + 1
N∑
r=1
sin
pir
N + 1
(
ψ˜†r + ψ˜r
)
,
on an eigenstate |k〉, given by
e−itHσx1 |k〉 =
√
2
N + 1
∑
r
eit((1−kr)ωr+
∑
j 6=r kjωj) sin
pir
N + 1
(
ψ˜†r + ψ˜r
)
|k〉 .
Combining this with
σ+n σ
−
n = ψ
†
nψn =
2
N + 1
∑
ab
sin
pina
N + 1
sin
pinb
N + 1
ψ˜†aψ˜b,
we can then calculate the dynamical expectation values〈
k
∣∣σx1 eitHσ+n σ−n e−itHσx1 ∣∣k〉 = 2N + 1 ∑
ab
∑ˆ
lr
e−it(skrωr−sklωl) sin
pina
N + 1
sin
pinb
N + 1
×
〈
k
∣∣∣(ψ˜†l + ψ˜l)ψ˜†aψ˜b(ψ˜†r + ψ˜r)∣∣∣k〉 .
Again we use the anticommutation relations to calculate the matrix elements〈
k
∣∣∣(ψ˜†l + ψ˜l)ψ˜†aψ˜b(ψ˜†r + ψ˜r)∣∣∣k〉 = δabδlrka + δalδbr(1− ka)(1− kb)− δarδblkakb,
yielding〈
k
∣∣σx1 eitHσ+n σ−n e−itHσx1 ∣∣k〉 = 2N + 1 ∑
a
sin2
pina
N + 1
ka +
2
N + 1
∑ˆ
ab
e−it(ωa−ωb)
× sin pina
N + 1
sin
pinb
N + 1
((1− ka)(1− kb)− kakb).
Since the first term
2
N + 1
∑
a
sin2
pina
N + 1
ka =
〈
k
∣∣σ+n σ−n ∣∣k〉
is just the local magnetization of the unperturbed state, we obtain eq. (11).
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